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Abstract

For surgical robots that conduct minimally invasive surgeries, robust and precise
perception of the robot end-effector is required for tracking and navigation of
the surgical probes or needles. In this scenario, single sensor may not be
sufficient due to its natural limitation that reduce the sensing robustness. This
leads to the need for sensor fusion, which combines multiple sensory data and
generates a better perception of the robot. One of the most common approaches
for sensor fusion is the Kalman filter algorithm. In this report, a sensor fusion
framework is used for estimating the attitude and angular velocity of robot end-
effector in constant angular velocity motion. The multi-sensor system consists of
an optical tracker (NDI) and an inertial measurement unit (IMU), and a
mathematical model for extended Kalman filter is proposed. Experimental

results are shown to verify the proposed model and framework.

Keywords: Surgical Robots, Robot Perception, Attitude and Angular Velocity
Estimation, Sensor Fusion, Quaternions, Extended Kalman Filter (EKF),

Optical Tracker, Inertial Measurement Unit.
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1. Introduction

1.1 Background and overview

In field of robotic and autonomous systems, there’re three typical aspects-
perception, planning, and control. Perception- a robot needs to percept the
environmental conditions or changes, and extract useful information from
them to decide what to do next. Planning, or decision making- a robot
needs to be informed of its next step, which can be either a motion
predefined by the designer or a decision or path generated by AIl. Control-
for the plans to be well-executed so that the system behaves exactly like
what the designer wants, control strategy should be involved.

Though all of the three above-mentioned aspects are crucial to the system,
this text specializes in the perception of a surgical robot, where robust and

precise sensing is required in robot-assisted surgeries.

1.2 Objective

For surgical robots (figure 1) [13: P.-L. Yen, et al. 2021], robust and precise
sensing/estimation of attitude and angular velocity of the end-effector is
required for conducting robot-assisted minimally invasive surgeries. To
increase the robustness of sensor system, sensor fusion technique can be
used accompanied by estimation algorithms, such as Kalman filtering. These
builds up a more robust and precise perception of the robot, which is
essential for further stages such as motion planning, navigation, or control,

etc.



In this report, a sensor fusion framework is proposed for the estimation of
attitude and angular velocity of the robot end-effector which is in the
motion of constant angular velocity. The multi-sensor system consists of an
optical tracker system (NDI) and an inertial measurement unit (IMU); a
quaternion-based extended Kalman filter algorithm is proposed for
estimation. The NDI has a strength of high accuracy, yet has low
measurement frequency, limited measuring volume and is vulnerable to
marker occlusions. IMU, on the other hand, has high measurement
frequency, unlimited measuring volume, while suffers from low accuracy,
high noise, and DC bias problems [2: Oh, H., et al. 2015|. The two sensors
are complementary to each other and the fusion of two sensory data
combined with an estimation algorithm can generate a robust and optimal

estimation of the robot state.

Effector

Figure 1 Surgical robot and its end-effector [13: P.-L. Yen, et al. 2021]



1.3 Literature review

1.3.1 Sensor fusion and Kalman filter

Sensor fusion is a well-known method that “fuses” multiple sensory signals
(often provided by multiple sensors together) to generate a more
consistent, accurate, dependable, and robust sensing information. Sensor
fusion brings various advantage to the perception of the system such as
higher robustness and reliability, extended spatial and temporal coverage,
higher resolution, less ambiguity and uncertainty, etc. [1: W. Elmenreich,
2002].

One of the most common approaches for sensor fusion in existing
literature is the Kalman filter, which is an algorithm that combines
mathematical model and (multi-)sensor measurements, and then optimally
estimate the system’s state. [2: Oh, H., et al. 2015] proposed a sensor
fusion framework with NDI and IMU based on Kalman filter to estimation
the attitude of surgical instruments (figure 2). While it is specific for
attitude estimation, not including angular velocity. [3: L. Armesto, et al.
2004| proposed a mathematical model for multi-rate sensor fusion based
on extended and unscented Kalman filter; vision sensor and inertia sensor
are utilized. The state equation in the proposed model is a 6D tracking
system, which, instead of rotation matrices, uses quaternions to describe

attitude.
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Figure 2 Sensor fusion with NDI and IMU [2: Oh, H., et al. 2015|

1.3.2 Quaternions
Quaternions can be used to describe rigid body attitude and rotation in 3D
space. There’re numerous advantages of using quaternions instead of
rotation matrices to describe rotations. For example, as describing 3D
rotations, rotation matrices have 9 parameters due to their nature of matrix
algebra; while, quaternions only have 4 parameters and thus are minimally
parameterized, and thus having higher computational efficiency, as
compared to rotation matrices [4: J. Sola, 2017]. Literature also shows that
for the feedback for spacecraft attitude stabilization, quaternions perform
better than rotation matrices both in terms of speed of convergence and of
energy consumption [5: Celani F., 2022]. There’re plenty of advantage of
using quaternions rather than rotation matrices, a more detailed comparison

of these two is given in [6: Hans-Peter Schrocker, 2022].

1.3.3 Quaternion-based extended Kalman filter
To describe the attitude of a rigid body, rotational motion should be

involved; while, rotations are nonlinear in general, which exceed the scope of
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what a Kalman filter is able to describe. Therefore, an extended Kalman
filter (EKF) is an extension of Kalman filter that is valid for describing
nonlinear system through linearization process at each time sample.
According to existing literature, there’re many proposed models for
quaternion-based extended Kalman filter, each with slight differences,
depending on the application scenarios. [3: L. Armesto, et al. 2004] proposed
a 6D tracking model for EKF, where three of the six dimensions are to
describe rotational motion and is parameterized by quaternions. Though
that the discrete-time propagation of quaternions is given, the whole model
for EKF is not shown explicitly. [4: J. Sola, 2017] proposed a model for
extended Kalman filter that involves both quaternions and rotation matrices
in the states. The state vector is defined using the error states of the
system. [7: H. Himberg, et al. 2009] proposed a simple model for EKF that
can estimate head orientation and head angular velocity using the
approximated solution of quaternion discrete-time propagation.

In this report, a model for quaternion-based EKF using an analytical
solution of quaternion propagation equation is proposed. The model is
similar to the rotation part in [3: L. Armesto, et al. 2004], but with slight
differences in the quaternion propagation equation. Detailed math equations
of the model are also provided in this text. The proposed model is verified

through physical experiment.



2. Methodology

2.1 Proposed mathematical model

2.1.1 Notations and symbols

1. (-) (No special symbols): Scalar.

2. (Q) (Vector symbol): Vector.

3. q (Boldface): Quaternion (4-vector).

4. q* (Asterisk): Quaternion conjugation.

5. qo : Scalar part of the quaternion.

6. ¢ : Vector part of the quaternion.

7. (\)n : The nth entry of the quaternion or vector.
8. - : Dot product.

9. x : Cross product.
10. ® : Quaternion product.
11. [(-)]x : Skew- (cross-product-) operator.
12. [(-)®] : Left-quaternion-product matrix.
13. [(-)®] : Right-quaternion-product matrix.
14. Ty, fs : Discrete-time sampling period and sampling rate.

15. (A) (Hat): State estimate.



2.1.2 Basic operations of quaternions
1. Quaternion definition
a=qo+qi+qaj+qkeH, g, R, Vn
= qo + q = [%O] (represented in 4-vector), (1)

— -
e€RcH (scalar part) eH,cH (vector part)

i?=42=k*=ijk=-1.
2. Quaternion product (non-commutative in general)

QOPO_Q'ﬁ (2)
qop+pog+qGxp

a®p = (qopo = G- P) + (qoP + pod + G x P) = [
3. Unit quaternion

lal =Vaeaq =, /> ¢ =1 (3)

4. Unit quaternion as a rotator (rotate around the unit vector @ by an angle 6), as shown in
figure 3,

0
zcosg+ﬁsingz|}co,s 29:|,u:: [3] (4)

where €0 is defined using the Euler’s formula, viz, ) = 1+(-) + 7)) +3 ()@ ()@ () +-

5. The rotation action (rotate a vector p using the sandwich product)

i 0
p’=q®p®q7p=:[ﬁ]~ (5)

Rotate around the unit vector 4 by an angle 6.

p
Original vector

p' = q®peq”
Vector rotated by the quaternion

Figure 3 Quaternion as a rotator [8: Song Ho Ahn]
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2.1.3 Quaternion Kinematics and useful definitions

Considering the angular velocity and quaternion & = [ww Wy wZ]T, w = [g] ,q = [?], the
following definitions are given [4: J. Sola, 2019] [9: F. L. Markley, et al. 2014].

1. Skew-Operator [(-)]x

0 —Ww, Wy
[@ho=|w: 0 —we [eR¥ st @x () = [@]() (6)
—Wy Wy 0

2. Left- and Right- Quaternion-Product Matrices, [(-)®], [(-)®]

(@) =anr+ [} (& |emtse as = [asl )
@) =anr [} (0 |eRse O oazlasle) ®)

3. Left-Quaternion-Product Matrix of @

Q&) = [we]. 9)

Followed by (6)-(9), the quaternion can be derived,

1. Quaternion ODE (Quaternion Kinematics) (Derived using (7)-(9), and [10: Y.-B.
Jia, 2015])

4() = () 84(1) = 2@, (10)

2. Quaternion Propagation in Discrete-Time (Derived using (10), [9: F. L. Markley,
et al. 2014], and [11: D. Simon, 2006])

a(k+ 1) = %0 0 q(k) = [eos( 5 @01 )1+ s sin( Gl ath. 1y

:=g(k,@(k))RxR3>R4x4

which is a closed-form solution if & is const. or holds const. over each sampling period.

2.1.4 Nonlinear state-space model in quaternion-based EKF

Define the system state x, process noise w, output measurement z, and measurement noise v,

a(k) wq (k)

w(k):=|0(k) [, z:R >R w(k)=| ak) [,w:R->RY wk)~N(©0,Zy,(k);  (12)
ap (k) ay(k)

2(k) = [g:g:g] , 2R R u(k) = [Z:mgm R R, 0(k) ~ N(0,5,(k)), (13)

where the system state consists of the quaterion q, angular velocity @, and its bias &p. q., and
W, are quaternion measurement and angular velocity measurements, obtained from optical tracker
(NDI) and IMU, respectively; @ is the angular velocity bias of IMU; w(k) and v(k) are process and
measurement noises, both are white, zero-mean, Gaussian stochastic processes.
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Combining (11)-(13) and assuming constant angular velocity and bias yields,

q(k+1) g(k,@(k))a(k +1) wq (k)
ok+1) | = o (k) oy alk) |, or a(k+1) = f(k,o(k)) + Tw(k),  (14)
ap(k+1) (k) ay (k)

an(0)] _[Tes 0ns 0us]| 9] T, () ]
it B il | G B R R I

2.1.5 Linearization process

The linearization process in EKF [12: T. Kailath, et al. 2000] requires the computation of
Jacobian matrix of the nonlinear function f in (14), which is given by,

9(gq)
of gaxa  [Tp57laxs  Ouaxs .
Fy = [i]fl,‘:.’lr(k) =[03x4 1343 03x3 e RO (16)
Oz; 0 0 I
3x4 3x3 3x3 z=2(k)
where
20 L Bpap)aor [ 777 (L) _sh(Er n(lol),
0w 2|@] 2 a0l - []« 2| lo)3 leo] ’

2.1.6 EKF algorithm

Since all the functions and matrices of the model are already given, the EKF algorithm can be
implemented, which is divied into 3 steps [12: T. Kailath, et al. 2000],

e Step 1: Initialization
Given #(0), P(0), Q(k), R(k), where Q(k) = T2, (k)TT, R(k) = £, (k).

e Step 2: Prediction
A priori estimation: state £~ and error covariance P~

27 (k+1) = f(k,2(k)) —State estimate extrapolation (nonlinear)
P (k+1)=FxP(k)FF + Q(k) -Error covariance extrapolation (linear)

e Step 3: Update
A posteriori estimation: state & and error covariance P

K(k+1)=P (k)H'(HP~(k)H" + R(k))™" - Kalman gain matrix,
F(k+1)=2"(k+1)+ K(k+1)[2(k+1) - Hi"(k+1)] - State estimate observational update
P(k+1)=(I-K(k+1)H)P (k+1) — Error covariance update.

e Return the state estimate Z.
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3. Experimental results

3.1 Experimental setup and system architecture

3.1.1 Equipment setup
The multi-sensor system consists of an optical tracker (NDI) and an IMU.
The equipment setup is shown in figure 4. The NDI provides quaternion
attitude measurement of the marker frames, where each frame is formed by
four passive marker spheres. The IMU provides angular velocity

measurement.

Surgical robot

Optical tracker (NDI), fs npp=62.5 [Hz]

IMU, f, vy = 125 [Hz]

1
NDI markers "

Robotic arn

NDI markers

Figure 4 Equipment setup

3.1.2 System architecture
The EKF algorithm is offline-implemented in MATLAB after collecting
experimental data. Frame transformation process is done before the
algorithm. For the rate of sensors and algorithm, the NDI and IMU has
sampling period of 16 ms and 8 ms, respectively; thus, zero-order hold
method is chosen and the sampling period of the EKF algorithm is set as
16 ms (, or 62.5 Hz). The system architecture and the block diagram for

EKF algorithm are shown in figure 5 and 6.
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Optical tracker (NDI)

Process Noise

w(k)

Linearization Fy, := [%]r:,<k> Output Measurement, (k)

T Npr1 = 16 [ms]

T, gxr = 16 [ms]
Data Frame transformation & EKF algorithm (@ ttVtSyistcAm cs;nmatT it
collection (offline implementation in MATLAB) :n d‘ ;i:&l:?i:l‘:m‘t’; (i)clta:.y)

Ty v = 8 [ms]

Figure 5 System architecture

Measurement Noise, v (k)

{

Real System
2(k +1) = f(k, 2(k)) + Tw(k) Actual Output %
Ha(k)

2(k) = Ha(k) +v(k)

#(k+1) and 2(k+1)

Estimated State and Output

Initialization l
#0) &k +1) = f(k,&(k)) + K(k+1) |2(k + 1) — Hf(k,&(k)
P(0), Q(k) -
R(K) Hk+1) = Hi~ (k+1)

Extended Kalman Filter

Figure 6 Block diagram for EKF' algorithm

3.1.3 Experimental setup

The experiment is conducted in the working volume of NDI, where the

angular velocity is set as a constant of -9 deg/s with respect to the x-axis

of the marker mounted on the surgical robot’s end-effector. The marker has

no relative motion with respect to the end-effector. Then, the frame

transformation process is done by transforming all the frames as with

respect to the initial pose of that marker, as shown in figure 7. Throughout

this, the attitude and angular velocity of the robot’s end-effector can be

estimated and treated the same as those of the marker frame. Apart from

NDI and IMU that are involved in the algorithm, the encoder of the robot

14



joint is set as the ground-truth of the experiment. Results of the

experiment are shown in next subsection.

Figure 7 Experimental setup

3.2 Experimental results

The experimental results of the attitude and angular velocity estimation
using quaternion-based extended Kalman filter are shown in the below
figures. Figure 8 and 9 show the estimate of quaternion attitude and angular
velocity of the robot end-effector; the measurement and ground-truth value
are also shown. Figure 10 shows the estimate of the angular velocity bias of
the robot end-effector as compared to its measurement value when the robot
is at rest initially.

The algorithm also increases the robustness of the estimates against
occlusions. Figure 11 shows the results as a 0.5 [s| sudden occlusion occurs.
The measurements of attitude and angular velocity are being zero-order
held, while the estimate remains. Figure 12 is a 3D plot that demonstrate
the rotational motion of the marker frame (as well as the end-effector). It
can be seen in these figures that the proposed sensor fusion framework

better estimate the system state, which is comprised of the attitude and the
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angular velocity of the robot end-effector. The EKF provides estimates that
are either smoother, or closer to ground-truth, or both, and thus, leads to a

more robust (against occlusions) and precise perception of the surgical robot

system.
Quaternion qo Quaternion ¢;
1 0.05
0. TR
0.05
0.98 01
Ground-truth q h
S o097 Measurement qy, S 015
— — Estimate § 00
0.96 - -
0.28
095
03
0.94 0.35
0 0 1 15 2 3 35 4 0 0. 1 15 2 35 4
s Quaternion go . Quaternion gs

Figure 8 Quaternion attitude estimate, measurement, and ground truth

Angular Velocity & [rad/s]

005
) Ground-truth &
- ——— Measurement &,,
o e — — Estimate &
£
8
3

o e A o Y afs RPN p g VP IO

v, [rad/s]

/s

! A

1 15 2 25 3 35 4
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w. [rad

Figure 9 Angular velocity estimate, measurement, and ground truth

16



wyy [rad/s]

[rad/s]

W,z

Angular Velocity Bias @ [rad/s]

N
II o — = Measurement (At rest) &,
5 . -
0.04 ] Mol — - Estimate o,
~
’ I
4
0.02 AN
’ S
PR
’ PV T AT E AL RS \
s r ~ ~aas r N UMY AN
. NN veaNrr U rg, ol
S S A [P o [T, POAMMERES VAN AU R MM VT
0 05 1 15 2 25 3 35 4
-
o x10
s~ LN -
a -~ B ~
-
_aeNnLs TN R Y
2 - o LN
- Nov
[ S N
2 1 1 L 1 L 1 L
0 05 1 15 25 3 35 1
-
g x10 N
~="T
A - S
5 ’ s o
. ’ Mo ~ e
’ S~ P AaEN N d
-~ P NS N ~
, ’ T DR SR ) N -
N s
A DL A L L S L L L L L L L L L L L L L L L L L L L L L
ols _ -
L 1 L 1 1 1 | |
0 05 1 15 2 25 3 3 a
Time ¢ [s]

Figure 10 Angular velocity bias estimate, and measurement at rest
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Figure 11 Robustness evaluation against sudden occlusions. Zero-order hold
for measurements during the 0.5 [s] occlusions. Attitude estimate (left) and

angular velocity estimate (right).

Attitude and Angular Velocity Estimation using Quaternion-Based EKF Algorithm
(Sampling Rate f,= 62.572 [Hz])

——= Measured Angular Velocity &,,

— - Estimated Angular Velocity &
— Measured Attitude

i — - Estimated Attitude

Figure 12 3D demonstration of rotational motion of the marker frame
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4. Conclusion

In this work, a sensor fusion framework using quaternion-based extended
Kalman filter is proposed for increasing the robustness and precision of the
surgical robot’s perception. A mathematic model involving quaternion attitude
and angular velocity is proposed and implemented in the EKF algorithm, with
the sensor system constructed by an optical tracker (NDI) and an inertial
measurement unit (IMU). Experimental results show that the EKF algorithm
fusing the 2 sensory information with the knowledge of system model, acts as an
optimal estimator as well as a filter, which gives a more smooth and accurate
estimate value for the system state. The experiment is conducted offline and
implemented in MATLAB, and it can be further implemented in C+-+ or

Python for real-time estimation in the future.
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